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To my mother in the occasion of her seventyfifth birthday 
Abstract. For u=u(x,t)>O, Y E R, t>O, the problem ~f,(")/at+wau/ax=~*ulax' 
subject to u(-m,t) = 1 and u(t-.t) = 0 for t> 0, u(x,O) = 1 for x<O. and 
u(x,O) = 0 for x.,0, is suggested.by some problems encountered in the modelling of 
the enclosed atomizer in analytical chemistry. Here fE(u): =u+&(u+c), with 
Y,E>O. The connection between the problem and a free boundary Stefan problem as 
s+o+ is discussed. Traveling wave solutions are analyzed. 
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INTRODUCTION 
The study of the platform atomizer in analytical 
chemistry leads to the continuity equation 
~+$t$J=o, 
J. “W” _au 
ax ’ (‘B) 
coupled to an interface equation (see e.g. Paveri- 
Fontana et al., 1978; Paveri-Fontana and Tessari, 
1984; Paveri-Fontana et al., 1986). Here J=J(x,t) 
is the (scaled) flow rate of the analyte atoms in 
the atomizer tube; u = u(x,t)rO and $=$(x,t)rO 
denote the (scaled) concentrations (per unit length) 
of the analyte atoms in the gas withinthe tube and 
on its inner surface, respectively; x denotes the 
(scaled) position rtithin the tube; t is time; w is 
the (scaled) constant velocity of forced convection. 
Equations (1) have been written assumingthatthere 
are no chemical reactions involving the analyte 
atoms; that there is uniform concentration on each 
cross section; and that analyte transport occurs 
-- by convection and diffusion -- within the host 
gas, but not directly on the surface of the tube. 
As discussed for instance in Paveri-Fontana and 
Tessari (1984), when the interface exchange proces- 
ses are much more intense than the transport pro- 
cesses it is legitimate to assume that $ and " 
are approximately connected to each other by the 
quasi-equilibrium relation: 
*=z . 
Here y and E are positive parameters which in- 
corporate information on the geometric setup, on 
the interchange mechanisms and on the maximlrm pos- 
sible analyte occupancy on the inner surface. In 
chemistry the quasi-equilibrium connection (2) is 
often referred to as Langmuir isotherm. 
In this note we are concerned with the evolution of 
the analyte concentration when initially the analy- 
te is uniformly distributed in one part of the ato- 
mizer. Retaining assumption (2) we have 
2 
5 f,(u)tw & u = 5 u, XER, t>o, (3A) 
3X 
Cc(u): = " ty$ . (35) 
We assign the initial condition 
I 1, xc0 , 
u(x,O) = ( (4) 
1 0, x>o. 
Here it should be kept in mind that whereas " is 
the (scaled) concentration in the host gas, f,(u) ? 
u+$ measures the (scaled) global concentration. 
In the sequel we shall assume that v>O is fixed, 
and we shall examine the behavior of the solutions 
for positive values of E and real values of w . 
It is clear from the initial conditions (4) that 
the diffusion mechanism will cause, for t> 0, the 
transfer of analyte molecules from the x< 0 region 
to the depleted x> 0 region. Thus, when w>O 
the convection process will favor such transfer, 
whereas for w<O it will hinder it. 
In this paper we shall be interested mainly in the 
E+O+ limit. We shall employ some methods from 
asymptotic analysis (Whitham, ; Kevorkian and 
Cole, 1980). Our work is related to the presenta- 
tion by Rubinstein (1985). 
As a preliminary we observe that, in the limit 
E'+-, problem (3)-(4) becomes linear. The so- 
lution is well known: 
U(x,t) = 3 erfc x-wt . 
2Jt 
The interpretation in terms of a (non 
self-similar) traveling wave marching at 
(5) 
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the convection velocity w is straightforward. The 
wave front becomes smoother as time grows, and its 
extension is comparable to Z/t . 
Let us now consider problem (3)-(4) in the limit 
+ E+O . The problem does not reduce to the linear 
problem au/attw au/ax =?u/ax2, subject to (4). 
Indeed (Rubinstein, 1985) the pertinent reduced 








u(x,O+) = { ;I x,O: 
(6A) 
qs-(t),t)=u(x,t) = 0, xzs(t), t>o, (6C) 
- g (s_(t),t) = Y -$ s(t) . (60) 
Condition (6D) can be understood observing that for 
the global concentration one has 
i u+ Y, u>o, 
fo(u): = ,lii+ fE(U) = ’ 
10, u.0. 
(7) 
Thus since u(s-(t),t) 2 Ot, and u(x,t) = 0 for 
x>s(t)* at the toundary point one has 
fo(s-(t),t)-fo(s (t),t) = Y. Then during the 
time-interval (t,t+At), on the interval (s(t), 
s(t)Atto(At) there is an accUmUlatiOn of analyte 
substance amounting to iyAttO(At), to be matched 
by the inflow J(S(t),t) Atto( Equation (60) 
follows provided one employs the fact that at s(t) 
the flow rate reduces to -au/ax. 
System (6) is the "weak shock" version of our pro- 
blem (at x=s(t), u is continuous but au/ax is 
discontinuous). A "strong shock" formulation is 
possible (Rubinstein, 1985) in terms of the global 
concentration m(x,t):=fo(u(x,t)). 
THE QUASI-CHARACTERISTICSINTHEOIFFUSION-LESSLIMIT 
Observe first that problem (3) can be written in 
the equivalent form 
2 
g&u) ztw 2 = 9 , 
ax 
gE(u): = $ fJU) = 1tx >l . 
(u+e) 
2 
It is known that a rough approximate idea on the 
behavior of the solutions for the problem can be 
obtained assuming that diffusion is negligible. In 
this case, equation (5A) reduces to au/at + 
(w/g,(u))au/ax = 0. The velocity along a quasi- 
characteristic line passing by (xo.to) is 
c = w/g,(u,), where u : =u(xolto)zO . Thus for 
w#O we have ICI < lwl? that is, the speed along 
quasi-characteristics is smaller then the convec- 
tion speed. In addition, note that dlcl/du >O. 
Thus, when u(x,O) is decreasing with respe& to 
x and the convection velocity w is positive, we 
expect an overlapping of characteristics and the 
formation of a (strong) shock. This is what hap- 
pens for our problem with initial condition (4) 
when w>O . Concerning the position x (t) ofthe 
shock recall that the convection flow rate is wu, 
whereas the global concentration is f,(u). Then 
the customary conservation argument yields 
w(u _-u+) =(fE(U_) -fE(Ut)) &x,(t) 
where Us: =u(x;(t),t). In our case, since u-=1, 
u,=O and f,(u+)=O, the velocity vS=dxS/dt of 
the shock is given by 
1tE --ii 
Ocvs - fcJ1) l+s+vwcw . 
Accordingly, for w >O the solution of the problem 
(3)-(4) in the diffusion-free limit is u=l for 
x< vst ; u=O for x> v,t, (t>O). The appea- 
rance of a strong shock in this simplified diffu- 
sion-less treatment suggests the possibility of a 
(self-similar) traveling wave in the full problem. 
We shall come back to this question below. 
When w<O the quasi-characteristics do not cross 
each other for t>O. We obtain 
u(x,t)=l, for xc-St=-+ lwlt (1lA) 
E (ltc) +yc 
u(x,t)=O, for xr-St=--& lwlt . 
t 
In the region 
lwl _- -sl!L 
get’) < + < - g,(O) 
the quasi-characteristics fan 
(x.t) = (090). We have x/t = 
yields 
u =-4x . 
(1’B) 
out from the point 
w/gE(u), which 
In this paper we shall not'attempt to construct a 
more accurate solution for the w < 0 case. Note 
however that the diffusion correction ought to be 
significant only in the vicinity of the critical 
point (x,t) = (0.0) and along the two boundary 
lines x = - lwlt/g,(l) and x = - Iwlt/g,(O). 
No traveling wave is generated for w<O. 
Finally, note that this type of diffusion-less ana- 
lysis is not pertinent for the w = 0 case 
THE TRAVELING WAVE WHEN THE CONVECTION 
VELOCITY IS POSITIVE 
The diffusione-free results of the previous section 
suggest that a traveling wave may exist in the case 
w>o. Accordingly, we seek a solution u(x,t) = 
U(x-vt) for problem (3), subject to U(-m)=l and 
U(tm)=O. Substitution in equation (8A) yields 
-vg (U(y)) ytw y = * . 
E 
dy 
Set V(y):=dU(y)/dy. Then we have 
&v = (w-vgp)V I (‘3) 




In the (U,V) phase plane we seek a trajectory 
from the equilibrium point (1,O) to the equili- 
brium point (0,O). It is easy to show that such 
a trajectory exists iff w>O and 
I' 
JO 
(w-vgJU))dU = 0 . 
Accordingly the traveling wave speed is 
W W 
V 
s = ,I; gE(U)dU = 9 . (13) 
It is remarkable that this result coincides with 
result (10) which we had obtained under the diffu- 
sion-less approximation. 
For v=vs, equation (12) yield the differential 
equation 
y = w(U(y) -f$U(Y))/fJl)) , (14) 
for the traveling wave profile U(y). The implicit 
solution is 
(I-U(y))-(‘+“)(U(y))’ = e-e(Y-YP) , 
where 
(15A) 
0: =wy >O 
ltc+y 
(158) 
and where yp is the phase parameter. For the so- 
lution u(x,t) of problem (3) subject to (4), the 
attractivity of the traveling wave solution 
U(x-vt) ought to be proved, and its phase yp eva- 
luated. 
The implicit expression (15A) is not transparent. 
An approximation of U(y) as E + O+ can be eva- 
luated either starting from equation (1%) itself, 
or from the Stefan reduced problem (6). One obtains 
U(y) " 1 1 -ew ’ ('-") , y<yp , 
[O > Y'Yp Y 
with a boundary layer correction to be applied 
near the critical point y,, . Note that here yp 
is an arbitrary phase parameter. 
A final remark concerns the w>O case when 0>0 
is large. It should be undestood that expression 
(5) provides the leading term of the E -, tm asym- 
ptotic expansion of u on any boundedtime interval 
CO.Tl. As t++-, convergence to the traveling 
wave obeying equations (15) is expected for any 
E>O. 
THE CASE OF ZERO CONVECTIVE VELOCITY 
When w=O, it is convenient to introduce the si- 
milarity transformations z = x/(2 E) and 
a = s(t)/(Z ff) . This carries the original pro- 
blem (3)-(4) into the following boundary value 
problem for an ordinary differential equation: 
+ 2zgc(u) J$ = 0 , zeR , 
(1’3) 
1 u(-‘) = 1, u(+") = 0 . 
Moreover it carries the Stefan problem (6) into: 
I -E.<z<u, 
i u(u_) = u(z).= 0 , 220.) (17) 
$$-, = -2va . 
1 
These problems have been discussed by Rubinstein 
(1985). It is easy to show that the solution of the 
Stefan problem (17) is 
[ $$ erfc(z)- 6 , z<a , 
uow = ( 
lo9 
z2a, 
provided that 6 and a obey 
/? 
erfc(d) = 6 , 
$i 2 exp(-a ) = 2ya . 
II 
Thus a is the unique solution of 
J7; CI exp(d2) (1 terf(d)) = y 
-1 
and we have 
B = 2 J7; Taexp(b2)-1 . 
With this choice of values for (L and 5, we can 
take u. as the leading term in the small E "outer" 
asymptotic expansion of the solution of problem(16). 
Since du /dz is discontinuous at z = u , an 
"inner" aiproximation for the ZQCL region ought to 
be introduced. If one sets z = a+~n and assume 
that u=~i?(n) , one obtains the equation 
4 U(n) = 2ay a ' 
dn 
dn m ’ 
to be solved separately for n <a and for n> o , 
with boundary conditions ii--2uyn as n + -m , 
a(+-) = 0, and with interface conditions ii = 
iI(d+), 2 (d-1 = 2 (at). Then, for the solution 
u(z) of problem (16) the leading term of the compo- 
sit0 asymptotic expansions as E+o+ reads: 
u,(z)+E~(z-a)/~)+2ay(z-a). However difficulties 
arise if one tries to evaluate contributions which 
are of higher order with respect to E . For this 
reasons Rubinstein (1985) has introduced for this 
problem a novel asymptotic procedure. 
CONCLUSIONS 
Some evaluations and some suggestions have been pre- 
sented concerning the solutions of an equation sug- 
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gested by an analytical chemistry apparatus. 
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